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ON SOME METABELIAN 2-GROUP WHOSE 
ABELIANIZATION IS OF TYPE (2,2,2) AND 
APPLICATIONS 

A. AZIZI, A. ZEKHNINI, AND M. TAOUS 


Abstract. Let G be some metabelian 2-group satisfying the condition 
G/G' ~ Z/2Z x Z/2Z x Z/2Z. In this paper, we construct all the sub¬ 
groups of G of index 2 or 4, we give the abelianization types of these 
subgroups and we compute the kernel of the transfer map. Then we ap¬ 
ply these results to study the capitulation problem of the 2-ideal classes 
of some fields k satisfying the condition GoRkl, /k) ~ G, where kl, ; is 
the second Hilbert 2-class field of k. 


1. Introduction 


Let G be a group and let G' = [G, G\ be its derived group, that is the 
subgroup of G generated by the commutators [x,y\ = x^y^xy, where x 
and y are in G. Let 7*(G) be the i-th term of the lower central series of G 
defined inductively by 71(G) = G and 7 i+ i (G) = [7;(G), G]. The group G is 
said to be nilpotent if there exists a positive integer c such that 7 c+ i(G) = 1 ; 
the smallest integer c satisfying this equality is called the nilpotency class of 
G ; if the order of G is p h , where p is a prime, then the number cc(G) — h — c 
is called the coclass of G. It is well known that a p-group G is nilpotent. 
Recall that a group G is said to be metabelian if its derived group G' is 
abelian. Finally, a subgroup H of a group G , not reduced to an element, is 
called maximal if it is the unique subgroup of G distinct from G containing 
H. 

Consider the group family defined, for any integer n > 1 , as follows 


G 


n 


{a, t, p : 


p 4 = a 8 = r 2 " +2 = 1, a 4 = t 2 " +1 , p 2 = r 2 V, 

[t, u] = 1, \p, a] = or" 2 , \p, t] = T 2 ). 


( 1 ) 


In this paper, we construct all the subgroups of G n of index 2 or 4 , we 
give the abelianization types of these subgroups and we compute the ker¬ 
nel of the transfer map V g^h '■ G n /G' n —> H/H', for any subgroup H of 
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G n , defined by the Artin map. Then we apply these results to study the 
capitulation problem of the 2-ideal classes of some fields k satisfying the 
condition Gal{ ; /k) ~ G n , where k^ ; is the second Hilbert 2-class held 
of k. Finally, we illustrate our results by an example about an imaginary 
bicyclic biquadratic held. 


2. Results 

Recall hrst that if x, y and z are elements of some group G, then we easily 
show that: 


[xy,z] = [x,z] y [y,z] and 
[x,yz\ = [x,z][x,y]\ 
where x y = y~ x xy. 

Let G n be the group family dehned by the Equality (P). Since [r, a] = 1, 
\p, cr] = <r~ 2 and \p, t] = r 2 , so G' n = (cr 2 ,r 2 ), which is abelian. Then G n is 
metabelian and G n /G' n ~ (2, 2, 2), since p 2 = r 2 " a 2 . Hence G n admits seven 
subgroups of index 2, denote them by H l 2 , and seven subgroups of index 
4, denote them by H it 4, where 1 < i < 7. These subgroups, their derived 
groups and their abelianizations are given in the Tables [Tj and [2j 


Table f. Subgroups of G n of index 2. 


i 

conditions 

H h2 

K 2 


1 



(i) 

(2 2 , 2"+ 2 ) 

2 

n = 1 

n > 2 

(<T P) 

(<b r 2 ,p) 

<^ 2 > 

<^V 4 > 

(2.4) 

(2,2.2) 

3 


<P> r ) 

(^ 2 ) 

(2,4) 

4 

n — 1 

n > 2 

(ar, p, a 2 ) 
( crr > P) 

H a /) 

<M 2 > 

(2,2,2) 

(2,4) 

5 


(o'P. r ) 

(t z ) 

(2,4) 

6 

n = 1 

71 >2 

(^P. 

(rp, a, r 2 ) 

W z ) 

w 2 y) 

(2,4) 

(2,2,2) 

7 

n — 1 

n> 2 

(ar, rp, a 2 ) 
(ar, rp) 

(a 4 , (ar) 4 ) 
(( <JT ) 2 ) 

(2,2,2) 

(2,4) 
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Table 2. Subgroups of G n of index 4. 


i 

H h 4 


WUhu 

1 

(ex, u 2 ) 

(1) 

^2 m i n ( ri ?2) 2 max (^+! ? 3)^ 

2 

(A ex 2 ) 

(1) 

(2, 2 n+2 ) 

3 

(P,r 2 ) 

(r 4 ) 

(2,4) 

4 

(exr, ex 2 ) 

(1) 

(4,4) if n — 1 
(2, 2 n+2 ) if n > 2 

5 

(exp,r 2 ) 

(^ 4 ) 

(2,4) 

6 

(rpG 2 ) 

(r 4 ) 

(2,4) 

7 

(exrp,r 2 ) 

“PT 

(2,4) 


To check the Tables entries we need the following lemma. 

Lemma 1. Let G n = (ex, r, p) denote the group defined above, then 

1. p _1 exp = (X 3 . 

2. p _1 rp = t _1 . 

3. p 2 commutes with a and r. 

4. (rp) 2 = p 2 . 

5. (exrp) 2 = (np) 2 = p 2 <x 4 . 

6. For all r G IN, [p, r 2r ] = r 2r+1 and [p, ex 2r ] = ex~ 2r+ \ 

Proof. 1. and 2. are obvious, since [p, ex] = ex -2 and [p, r] = r 2 . 

3. As p 2 = r 2 ”ex 2 , so p 2 G (r, ex), which is an abelian group, because 
[r, ex] = 1. Hence the result. 

4. (rp) 2 = rprp = rp 2 p~ l rp = rp 2 r _1 = p 2 . 

5. We proceed as in 4. to prove these results. 

6. Since [p, r] = r 2 , so [p, r 2 ] = r 4 . By induction, we show that for all 

r G IN*, [p, r 2r ] = r 2r+ \ Similarly, we prove that [p, ex 2r ] = ex 2r+1 . □ 

Let us now prove some entries of the Tables |T] and [21 using the Lemma [TJ. 

• For H i i2 = (ex, r,G' n ) = (ex, r), we have H[ 2 — (1), since [ex,r] = 1. As 
ex 3 = r 2 " +2 = 1 and ex 4 = r 2 ™ + \ so H lt2 /H[ 2 ~ (2 min ( 2 ’ n+1 ), 2 max ( 3 ’ n+2 )) = 
(2 2 2 n + 2 ) 

• For H‘ 2.2 = (ex, p, G' n ) = (ex, p, r 2 , ex 2 ) = (ex, p, r 2 ). If n — 1, then p 2 = r 2 ex 2 , 
hence // 22 = (ex, p). Therefore = (ex 2 ) an d -^ 2 , 2 /Hf 2 — (2,4). If n > 2, 
then f / 2 ,2 = (ex, p, r 2 ). Therefore H 22 = (ex 2 , r 4 ) and H 22 /H 22 ~ (2,2,2). 

• For i7i )4 = (ex, G^) = (ex, ex 2 , r 2 ) = (ex, r 2 ), we have H[ 4 = (1), since [ex,r] = 
1. As ex 8 = r 2 " +2 = 1 and ex 4 = r 2 " + \ so H± A /H[ A ~ (2 min ( 2 ’"), 2 max ( 3 - n+1 )). 

• For H 2A = (r, G' n ) = (r, r 2 , ex 2 ) = (r, ex 2 ), we have H 2A = (1), hence 
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H 2A /H' 24: ~ ( 2 min ( 1,n+1 ), 2 max ( 2n+2 )) = ( 2 , 2 n+2 ). 

The other entries are checked similarly. 

Proposition 2. LetG n be the group family defined by the Equality then 

1. The order of G n is 2 n+5 and that of G' n is 2 n+2 . 

2 . The coclass of G n is 3 and its nilpotency class is n + 2 . 

Proof. 1. Since a 8 = t 2 " + “ = 1 and a 4 = r 2 " +1 , then 

(cr r) ~ ^2 min ( 2 ’ n + 1 ) 2 max ( 3,n+2 ^ = (2 2 2 n+2 ) 

Moreover, as p 2 = r 2 V 2 and p 4 = a 8 = r 2 ” + “ = 1 , so 

(a, r, p) ~ ( 2 2 , 2 rH ~ 2 , 2 ) . 

Thus |G n | = 2 n+5 . Similarly, we prove that \G’ n \ = 2 n+2 , since G' n = (a 2 , r 2 ). 

2 . The lower central series of G n is defined inductively by 71 (G n ) = G n 
and 7 i + i(G n ) = [ 7 i(G n ),G n ], that is the subgroup of G n generated by the 
set {[a, b] = a~ l b~ l ab/a G 7 i(G n ), b G G n }, so the coclass of G n is defined to 
be cc(G n ) = h — c, where \G n \ = 2 h and c = c(G n ) is the nilpotency class of 
G n . We easily get 
7i (G) = G. ' 

72 (C) = G' = (a 2 , r 2 ). 

73(C) = [C',C] = (cr 4 ,r 4 ). 

Then Lemma [T]( 6 ) yields that 7 j +i (G) = [ 7 j(G),G] = (a 2J ,r 2J ). Hence, if we 
put u = max(n + 1,2) = n + 1, then we get 7 „ + 2 (G) = (a 2 "’ +1 , r 2 " +1 ) = (1) 
and 7 „ + i(G) = (cr 2V , r 2 “) 7 ^ ( 1 ). As | G |= 2 n+5 , so 

c(G) = n + 2 and cc(G) = n + 5 — (n + 2 ) =3. 

□ 


We contenue with the following results. 

Proposition 3 ([8]). Let H be a normal subgroup of G n . For g G G n , 
put f = [(g).H : H] and let {xi,x 2 , ■ ■ ■ ,x t } be a set of representatives of 
G/(g)H. The transfer map V g^h ■ G/G 1 —> H / H' is given by the following 
formula 

t 

v M ^ = n*rV^. ( 2 ) 

i=l 

Easily, we prove the following corollaries. 


Corollary 4. Let H be a subgroup of G n of index 2. 

gz~ l gz.H' = g 2 [g, z\.H' 
g 2 .H' 


then \ G ^ H (gG' n ) = 


If G n /H = {l,zH}, 
if g €H, 
if 9 £ H. 
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Corollary 5. Let H be a normal subgroup of G n of index 4. If G n /H = 
{1, zH, z 2 H, z 3 H}, then 


Vc^iiigG'J 


gz 1 gz 1 gz 1 gz 3 .H' 
g 4 .H' 

g 2 z~ 1 g 2 z.H' 


if g G H, 

if gH = zH , 

if g H and gH zH. 


Corollary 6. Let H be a normal subgroup of G n of index 4. If G n /H = 
{1, Z\H, z 2 H, Z 3 H} with Z 3 = z\z 2 , then 


^G^H(gG' n ) 


gz\ 1 gziZ 2 1 gz 1 l gziz 2 .H' if g e H, 
g 2 zf 1 g 2 z i .H' if gH = ZjH with i ^ j. 


Theorem 7. Keep the previous notations. Then we have: 


1 . kerV Gn ^ Hl 2 

2 . kerV Gri ^H 2 , 2 

3. kerV Gn ^H 3 , 2 

4. kerV G „^ 42 

5. kerV Gri ^H 5 , 2 

6 . kerV Gn ^H 6 , 2 

7. kerV G „^ 7 2 

8 . For all 1 < i 


= (rG' n ). 

(■ °G' n ,pG' n ) 
{aG' n , rpG' n ) 

= (rG' n , P G’ n ). 
(TpG' n ,apG' n ) 
(arG;, pG'j 
= {rG' n , apG' n ). 
{aG' n , rpG' n ) 

( 1 pG'n , *G' n ) 

(< 7TG' nlP G' n )) 
(arC;, rpG' n ) 
< 7, kerV Gn ^ HiA = 


if n — 1 . 
if n > 2. 

if n = 1. 
if n > 2. 

if n = 1. 
if n > 2 . 
if n = 1. 
if n > 2. 
Gn/G' n . 


Proof. We prove only some assertions of the theorem. 

1. We know, from the TableQ] that iL 1)2 = (cr, r), then G n /H i 2 = {1, pH i 2 } 
and H ' 12 = (1). Hence, by Corollary |4] and Lemma [lj we get 

* Vc^H^icrG'J = cr 2 [cr, p\H [ 2 = a 2 a 2 H [ 2 = a 4 H[ 2 . 

* Vg^h^tG'J = t 2 [t, p\H [ 2 = t 2 t- 2 H [ j2 = H[. 2 . 

* V G „^.ff 12 (pG n ) = p 2 H[ 2 7 ^ H[ 2 - 

* VG^H^iorG'n) = (fxr) 2 [cxr, p\Hf 2 = t 4 H[ 2 . 

* V Gn ^{TpG' n ) = {rp) 2 H ' 12 = p 2 H ' 12 ? H[ fl . 

* Vg^Mpg :j = (vp) 2 K 2 = AX2 ~f~ K 2 - 

* K Gn ^ Hl , 2 {(7rpG' n ) = ( gt P ) 2 H ' 12 = p 2 a 4 H [ 2 ± H[ 2 . 

Therefore kerM Gn ^ HlA = ( rG' n ). 

8 . We know, from the Table [2], that Hi 4 = (a, r 2 ), then G n /Hi 4 = 
{1, tHi ^, pHi^, rpH 14 } and H ' 14 = (1). Hence Corollary [ 6 ] and Lemma [Q 
yield that 
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* Vb.-.hW’G'J = a S Ki = H U- 

* v g „^h,, 4 (tG'J = t 2 p~ 1 t 2 ph; „ = h; a . 

* Va^mJpG'J = p l H[ A = H[ a . 

Therefore kcr V,, a = (ffG;„ rG' n , pG' n ). 

The other assertions are proved similarly. □ 


3. Applications 


Let k be a number field and Ck ,2 be its 2-class group, that is the 2-Sylow 
subgroup of the ideal class group Ck of k, in the wide sens. Let k^ be the 
Hilbert 2-class field of k in the wide sens. Then the Hilbert 2-class field 
tower of k is defined inductively by: k^ = k and k 2 ,+1) = (k^)^, where 
n is a positive integer. Let M be an unramified extension of k and Cm be 
the subgroup of Ck associated to M by the class field theory. Denote by 
Jk —>m : Ck —* Cm the homomorphism that associate to the class of an ideal 
A of k the class of the ideal generated by A in M, and by A/M/k the norm 
of the extension M/k. 

Throughout all this section, assume that Ga^kj^/k) — G n . Hence, ac¬ 
cording to the class field theory, Ck ,2 — G n /G' n ~ ( 2 , 2 , 2 ), thus Ck ,2 = 
(a, b, c) ~ (aG' n ,TG' n , pG' n ) , where (a,k^ 2 ) /k) = aG' n , (b,k' 2 ) /k) = rG' n and 
(c,ko 2 Vk) = pG' n , with ( . , k^/k) denotes the Artin symbol in kjf-’/k. 

It is well known that each subgroup H tJ} where 1 < i < 7 and j — 2 or 4, 
of Ck ,2 is associated, by class field theory, to a unique unramified extension 

K i tj of ki' 1 such that //,.,/— C K ^ ; 2 - 

Our goal is to study the capitulation problem of the 2-ideal classes of k in 
its unramified quadratic and biquadratic extensions K ii2 and K i>4 . By the 
class field theory, the kernel of jk->M, ker is determined by the kernel 

of the transfer map V g^h ■ G/G' — > H / H' , where G = Ga^k^/k) and 
H = Gal(Mj, 2 ) /M). 


Theorem 8 . Keep the previous notations. 
1 . ker jk->K lj2 = (b). 

(a, c) 


2. kerj k ->K 2 ,2 = 


(a, be) 


3. kerjk-KK 3 ,2 = (&, c )- 

4. c> > 

5. kerjk^Kg .2 = (&, cic). 

6 . kerj k ^K„ = { 


if n = 1 . 
if n > 2 . 

if n = 1 . 
if n > 2 . 

if n = 1 . 
if n > 2 . 


Then we have: 
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7. 

8 . 

9. 

10 . 


_ J (ab, c) if n = 1 . 

[ (ab, be) if n > 2. 

For all 1 < i < 7, ker i = C k>2 . 


kerj k 


—>K7.2 


The 2-class group of k^ 1 * is of type (2, 2 n+1 ). 

The Hilbert 2-class field tower of k stops atk 2 . 


Proof. According to the Theorem [7] we have 

(1) Since kerV Gn ^ Hl2 = ( rG ' n ), so ker j k ^ K i , 2 = (b). 

(r> \ Q- -11 \r \T / ( oG'rvPG'n ) if n = 1 , 

(2) Similarly, as ker V 0 „^ a>s = j (ffG ? ^ if „ > % 

then kerj k ^K„ = { { ff c) 

The other assertions are proved similarly. 

(9) It is well known that C k (i) 9 ~ G' n , where C k (i) 2 is the 2-class group 

of k^. As G' n ~ (cx 2 , r 2 ) ~ ( 2 min ( 1 ’ n ), 2 ma ^ 2 ’” +1 )) ~ ( 2 , 2 n+1 ), since a 4 = 
r 2 " +1 ; so the result derived. 

( 10 ) T/ 1 , 4 , H 2 ,4 and 7/44 are the three subgroups of index 2 of the group T/ 1 , 2 , 

then K 1 . 4 , K 2 ,4 and K 44 are the three unramified quadratic extensions of 
K 12 . On the other hand, the 2-class groups of these fields are of rank 2, 
since, by the class field theory, — H^j/HP with i — 1, 2 or 4 and 

j = 2 or 4. Thus the Tables ID and [2] imply that Ck 12 ,2 — (2 2 , 2 n+2 ) and 
Ck 2 , 4 ,2 — (2, 2" +2 ). Hence /r 2 (K 2j4 ) = , where h 2 {K ) denotes the 

2-class number of the field K. Therefore we can apply Proposition 7 of |5], 
which says that K 12 has an abelian 2-class field tower if and only if it has 
a quadratic unramified extension K 2 ) 4 /Ki . 2 such that /r 2 (K 2 j 4 ) = . 

Thus Ki j2 has abelian 2-class field tower which terminates at the first stage; 
this implies that the 2-class field tower of k terminates at kg , since k C K 12 . 
Moreover, we know, from Proposition [2j that \G n \ = 2 n+5 and \G' n \ — 2 n+2 , 
hence kg 1 7 ^ kg 2 \ □ 


4. Example 

Let pi = p 2 = 5 (mod 8 ) be different primes. Denote by k the imagi¬ 
nary bicyclic biquadratic held Q(\/d,i), where d = 2p\p 2 . Let k|y be the 
Hilbert 2-class held of k, k) its second Hilbert 2-class held and G be the 
Galois group of k^/k. According to [4], k has an elementary abelian 2 - 
class group C k2 of rank 3, that is of type (2,2,2). Put K = k(\/2) = 
Q(V% y/PiP 2 , \f~ 1), and let q denote the unit index of K + = Q(v^2, y/ptpi). 
Denote by h 2 {—p\p 2 ) (resp. h 2 {p { p 2 )) the 2-class number of Q( v /— p\p 2 ) 
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(resp. Q(y/Pip 2 )), then, from [ID], h 2 (—pip 2 ) = 2 m+1 with m > 2 , and 
h 2 (p\P 2 ) = 2 n with n > 1. Assume that q — 2 , then, by [3, Lemma 6 ], 
m = 2 and n > 1, and by [3| Theorem 2], G ~ G n . The following result is 
proved in [3j, and we give it here to illustrate the results shown above. For 
more details, the reader can see |3j. 

Theorem 9. Let pi = p 2 = 5 (mod 8) be two different primes. Put k = 
Q(y / 2 pip 2 , i), k has fourteen unramified extensions within his first Hilbert 
2 -class field, k^ (see HD- Denote by Ck ,2 the 2-class group o/k. Then the 
following assertions hold. 

1 . Exactly four elements of C k 2 capitulate in each unramified quadratic 
extension o/k, except one where there are only two. 

2 . All the 2-classes of k capitulate in each unramified biquadratic extension 

o/k. 2 

3. The Hilbert 2-class field tower of k stops at k 2 2 ^ (see H). 

4. C k ,„ 2 ~ (2, 2 ,1+1 ). 

5. The coclass of G is 3 and its nilpotency class is n + 2. 

6 . The 2-class groups of the unramified quadratic extensions of k are of 
type (2, 4), (2, 2, 2) or (4, 2"+ 2 ). 

7. The types of the 2-class groups of the unramified biquadratic extensions 
of k are exactly those given by the Table El 
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